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INTEGRAL BASES FOR THE UNIVERSAL ENVELOPING ALGEBRAS 

OF MAP ALGEBRAS 

SAMUEL CHAMBERLIN 



Abstract. Given a finite-dimensional, simple Lie algebra g over C and A, a commutative, 
associative algebra with unity over C, we exhibit an integral form for the universal enveloping 
algebra of the map algebra, g ® A, and an explicit Z-basis for this integral form. We also 
produce explicit commutation formulas in the universal enveloping algebra of 5(2 ® A that 
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^SJ , allow us to write certain elements in Poincare-Birkhoff-Witt order. 
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1. Introduction 



Let Z denote the integers. If A is an algebra, over a field F of characteristic 0, define an 
integral form Ax of ^ to be a Z- algebra such that A^ ®i F = ^. An integral basis for ^ is a 
^ I Z-basis for Aj^. 

Q^ ' The theory of integral forms for finite-dimensional simple Lie algebras was first studied by 

'nJ" ■ Chevalley in 1955. His work led to the construction of Chevalley groups (of adjoint type). 

The representation theory of Chevalley groups relies on the existence of integral forms for the 
universal enveloping algebras associated to these simple finite-dimensional Lie algebras. In 
1966, suitable integral forms were discovered by Cartier and Kostant independently. They 
obtained precise information about these integral forms through integral bases (bases whose 
Z-span is the integral form). The construction of such bases relies heavily on straightening 
identities in the universal enveloping algebra, which allow one to write certain elements in 
Poincare-Birkhoff-Witt (PBW) order. Cartier and Kostant's Z-form led to the construction 
of Lie groups and Lie algebras over a field of positive characteristic, generalizing Chevalley's 
C^ \ construction. This in turn led to the development of representation theory over a field of 

positive characteristic, [8]. 

Also in 1966, Serre showed that a finite dimensional Lie algebra can be presented by gen- 
erators and relations determined solely by the Cartan matrix. With a generalized Cartan 
matrix one can use the Serre presentation to define the class of Kac-Moody Lie algebras. The 
most widely studied subclass of these algebras, the simple affine Lie algebras, have structure 
and representation theories similar to those for simple finite dimensional Lie algebras. The 
best way to understand untwisted simple affine Lie algebras is as central extensions of loop 
algebras, [2]. For these affine Lie algebras Garland, in 1978, extended the theory of integral 
forms started by Chevalley and continued by Cartier and Kostant. Garland also gave explicit 
constructions of Z-bases for these integral forms via a Chevalley-type basis for the affine Lie 
algebra. The complexity in formulating integral bases and straightening identities increased 
greatly in the affine case. These results were then extended to all simple affine Lie algebras by 
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Mitzman, in 1983. In 2007, Jakelic and Moura used Garland and Mitzman's work on integral 
forms to study representations of affine Lie algebras over a field of positive characteristic, [9]. 

Recently there has been much interest in map algebras and their representations, [4], [llj . 
A map algebra is a Lie algebra g (^c A, where q is any finite-dimensional simple complex Lie 
algebra and A is any commutative associative complex algebra. The Lie bracket is given by 

[z (g) a, z' (g) 6] = [z, z'\ (g) a6, z, z' G a, a, 6 G ^ 

These Lie algebras are so named because if X is an algebraic variety and A is its coordinate 
ring then Q® A can also be realized as the Lie algebra of regular maps X — )■ g with pointwise 
Lie bracket. 

Map algebras are a generalization of the loop algebras, for which A is the Laurent polyno- 
mials. Therefore it is natural to wish to generalize the Garland's work to the map algebras. 
We formulate and prove straightening identities in the universal enveloping algebra of 5I2 ® A. 
The notational difficulties increase greatly when one moves to the general case. Additionally 
the formula we have proved is much more general than the one proved by Garland in [7j. 

If A has a C-basis which is closed under multiplication, these straightening identities lead 
to the construction of an integral form and integral basis for the universal enveloping algebra 
of (g) ^. 

A natural offshoot of this work will be to study representations for map algebras over a field 
of positive characteristic. 

2. Preliminaries 

The following notation will be used throughout this manuscript: C is the set of complex 
numbers and Z>o is the set of non-negative integers. Given any Lie algebra a, U(a) is the 
universal enveloping algebra of a. 

Let g be a finite-dimensional, complex simple Lie algebra of rank n where / = {1, . . . ,n}. 
Fix a Cartan subalgebra f) of g and let R denote the corresponding set of roots. Let {ai\ifzi 
be a set of simple roots and Q (respectively Q"*"), be the integer span (respectively Z>o-span) 
of the simple roots. Set R^ = Rn Q^ and fix an order on R^ = {/3i, . . . , /3m}. 

Let {Xq , hi : a ^ R~^, i G /} be a Chevalley basis of g and set x^ = x^. , and ha = [x^ , x~]. 
Note that hi = ha^- For each a G R'^, the subalgebra of g spanned by {x^, ha} is isomorphic 
to 5I2 (When g = s[2 we write the C-basis as {x~ , h, x"*"}). Set 

n^ = © Cx±, 

and note that g = n^ © f) © n+ . 

By the Poincare Birkhoff Witt theorem, we know that if b and c are Lie subalgebras of a 
such that a = b © c as vector spaces then 

U(a)^U(b)«)U(c) 

as vector spaces. So in particular we have a vector space isomorphism 

U(g)^U(n-)0U(f))0U(n+) 



INTEGRAL BASES FOR THE UNIVERSAL ENVELOPING ALGEBRAS OF MAP ALGEBRAS 3 

Given any u € U(o) and r G Z>o define u^^^ = ^ and 

''u\ u{u — 1) • • • (n — r + 1) 



-r* / J'] 



Define T^{a) = C, and for all j > 1, define T^{a) = a®^ r(a) = 0°lo^^(a)' and T,(a) = 
©■^^o ^'^(ci)- Then set Uj(a) to be the image of Tj{a)) under the canonical surjection T(a) — > 
U(a). Then for any u G U(o) define the degree of u by 

degtt = min{u G U,(a)} 

3 

2.1. Map Algebras. Fix A a commutative associative algebra with unity over C. Let a 
be a Lie algebra, over C, with Lie bracket [ , ]a- The map algebra of o is the vector space 
a (8) ^, with Lie bracket given by 

[z (g) a, z' (8) 6] = [z, z']a, (S> ab, z, z' G a, a,b £ A. 

a can be embedded in this Lie algebra as o (8) 1. In the case that A is the coordinate ring of 
some algebraic variety X a0 A is isomorphic to the Lie algebra of regular maps X ^^ a. 

Note that by the PBW Theorem we have a vector space isomorphism 

U(0 ®A)^ U(n+ ®A)^ U(f) ^A)® U(n- ® A) 

For each a G R~^, let Q^ '■ 'U{5l2 A) —^\J{q0A) be the algebra homomorphism defined 



by 



X ® a i-^ x^ ® a h ® a t-^ ha (E> a 



2.2. Multisets. Given any set S define a multiset of elements of S" to be a multiplicity 
function x '■ S ^ Z>o- Define F{S) = {x '■ S ^>- Z>o[suppx < oo}. For x ^ ^{S) define 
Ixl = X^5g5X('S)- Notice that J-{S) is an abelian monoid under function addition. Define a 
partial order on F{S) so that for V") X ^ ^{S)i V' < X if V'(s) < x(s) for all s £ S. Define 

J^ = {X- A^ Z>o|suppx < oo}, J^f, = {x £ T : \x\ = k} 

and given x ^ ^ define 

J-(X) = {V G -F : V' < X}, Mx) = {V- G Hx) ■■ IV'I = k} 

If V" G ^ix) W6 define x— V' by standard function subtraction. Also define functions vr : J-" — ?• A, 
M : J=' ^ Z>o and, for all a G i?+, x^ : T -^ \J{q (g) A) by 

vr(^) = n «^^"^ -^W = frrfv ^"(^) = n(^" ® «)^'^^"^^ 

aGA una)- ^g^ 

3. An Integral Form and Integral Basis 

In section we will define our integral form and give our integral basis for the map algebra, 

0(8) A. 
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3.1. Definition of p{ip, x). Given ip,x ^ J^, Recursively define functions p : J^'^ ^ \J{h (8> 
A) C U(s[2 «) A) by p(0, 0) = 1 and for 93, x G -F - {0}, 

p{y,,x) = -^YY ^ ■M(V'i)-M(V'2)(/i0vr(Vi)7r(V2))p(^-V'i,X-V'2) 
V'2eJ-(x)-{0} 
Define p(x) = p{x, \x\xi) and, for all a G i?+, pa(x) = ^a(.p{x)) € U([) ® A) C U(s (g) A). 

Remarks, (a) p{^,x) = if \ip\ / |x|- 

(6) The p((/j, x) are a generalization of Garland's h.fi{Ha{r)) because p {kxf) = ^k{Ha{r)), 
where Xa is the characteristic function on a S ^, [7J. 

3.2. An Integral Form and Integral Basis. If A has a C-basis, B, which is closed under 
multiplication define \Ji{q ® A), to be the Z-subalgebra of U(g (^ A) generated by 

{(x^(8)6)^''^ -.a^^R^, 6gB, r G Z>o} 
Fix an order on 72+ = {/3i, . . . , /3m}. Then define functions /+ : J'(B)^™ -> U(g (g) ^4) by 

(V'l, . . . , V'm) ^ xJ^(^i)2;J^(^2) • • • X^^ii^m) 

and /o : /-(B)^" -^ U(f) ® ^) by 

(V'l, . . . , V'n) ^ Pl(V'l)P2(V'2) • ■■Pni'4'n) 

Define -B = {/-(V^)/0(x)/+(^')lV^>£ ^ J^CB)^"^, xG-^(B)^"} Define B± to be the set 
consisting of all /^{ip), and Bq to be the set consisting of all f^{x)- 

Theorem. S is a Z-basis for Uz(0 (S) A). 

Proposition 16.11 and the Poincare-Birkhoff-Witt theorem easily give the following corollary 
to this theorem. 

Corollary. Uz(0 (8> A) is an integral form for \J{q A). 

The remainder of this chapter is devoted to the proof of Theorem 13.21 First we show that 
B C \Jz{q(S>A). This allows us to define Z-subalgebras \J^{q(S>A), lJ^{g®A), and U^(g(8)A). 
Then we prove that B-^- , B- and Bq are Z-bases of these subalgebras respectively. Finally, we 
prove a triangular decomposition Uz(g (S> A) = U^(g ® A)U|(g (S> A)\J^{g ® A). This means 
that as Z-modules Uz(g <S) A) = U^ (g (g) A) (g) U^(g (g) ^) (g Uj(g A). The theorem follows. 

4. The Subalgebras V^{g (g ^4) 
Define U^ (g (g) A) to be the Z-subalgebra of Uz(g (g> A) generated by 

[{xt^bY''^ :aeR+, 6 G B, r G Z>o} . 
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4.1. B± is a Z-Basis for \J^{g0A). 

Lemma. Let a, 6 G B, r,s & Z>o, and a, f3 (^ R^ he given. Define 
Ra,p = {ioi + jP : i,j G Z} n R. Then the following identities hold: 
(a) // Ra,i3 is of type A2 



±/... w±/„.. A _ V- ■ /^±^^\("-'^V.± ^„^^^''^.±^„^('-fc) 



min(r,s) 

^t{"rXa)x^{sxh) = Yl ^k{x^^by ' {x^+i3 ^ aby ' {x^ ^ a) 

fc=0 

where Ek G {1, —1}; for all k. 
(6) // Ra,j3 is of type B2 , then 

2 

xt{rXa)x^{sXb) = Y^krMyx^'^hj 11 (^£+/3 "^ "^ ^) ' {xt ® a) ''^''^''^''^ 

i=i 

where the sum is over all ki,k2 G Z>o such that ki + k2 < s and ki + 2k2 < r, and efci,fc2 ^ 
{1, —1}, for all ki,k2. 

(c) If Ra^i3 is of type G2, then 

i=i 

3a+2/3 

where the sum. is over all /ci , /c2 , ^3 ) ^4 £ Z>o suc/i i/iai /ci + A;2 + fes + 2k4 < s and ki + 2/c2 + 
3A:3 + 3/04 < r, and Ek^^kiMM ^ i^' ~1}' /^'^ "^^ ^i, ^2, A^s, ^4- 

The proof of this lemma proceeds by induction on r for the case s = 1 and then by induction 
on s for a general r. The details can be found in [3j. 

Corollary. B± is a 'L-hasis for U^(3 (8) ^4). 

Proof. It will suffice to show that any product of elements of the set {{x^®h) : a G i?"^, b G B} 
is in the Z-span of B±. Clearly, for all a G R^ and 6 G B, 



Xa irXa)Xf^ (sXb) = 2^ EkiMMM [^13 ^'^J 11 (^ia+/3 ® ^^^ 



(x± ^ 6)('')(x± 6)(^) = ('^ t ^) (^" ^ ^)^''^'^ 



(x±®a)M,(xj06)W 



So it will suffice to show if q, /3 G i?"^, a, 6 G B and r,s ^ Z>o then 

is in the Z-span of B± and has degree less than r + s. Ifa + /3^ R'^ this claim is trivially 
true. If a + /3 G R'^ this claim can be shown by induction on r + s. If r + s < 1 the claim is 
trivially true. The inductive step is true by the lemma. D 
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5. A Straightening Lemma 
Define functions D^ : J"^ -^ U(sl2 <8> A) by 

D^{'^i,i^2,^) = '5|^i|+|V2|,o 

0^0^1,1^2, 4^3) = j—T J2 ^ D^{4>i,4>2,Xb)D^{'il^i-4>i,i^2-4>2,ip3-Xb) 

Remarks, (a) D^{jpi,ijj2,tp3) = if |V'i| 7^ \tp2\- 

(b) The D^(V'i, "02! "^s) are a generalization of Garland's D^ as D^{kxt, kxi,rxi) = -D^ {^^^') 

and Z)-(A:xt, A;xi,rxt) = ^^^ {&^), [Z]- 

5.1. An Explicit Formula for D {ip, iV'IXfej^Xc)- Definition. Given x ^ -^ define 

and Vkix) = ^(x) l^ ^k{^)- A partition of x is an element of V{x)- 
The following proposition can easily be shown by induction on k. 

Proposition. For all ip G T, k G Z>o with k > 1, and b,c (z A. 

5.2. The Degree of D {tl;i,i/j2,'ip3)- The following proposition can easily be shown by 
induction on {ipsl- 

Proposition. If a G R^ , and ipi,ip2,tp3 G -^ then D^{ipi,ip2,ip3) is homogeneous of degree 

5.3. The Definition of ©(V'l, ^"2, V's)- Define B : /"^ ^ u^^^^ ^ ^) i^y 

I!'(V'l,V'2,V'3) = Y P('?^l''^2)-D+(V'l -01,^2 -</'2,V'3) 

t/'ieJ'C^i) 

</'2 6J'(l/'2) 

Using the previous two propositions it can be easily shown that, for all ipi,ip2,i^3 G J^, 
B(^i,^2 5V'3) has degree less than or equal to |^3| + [V'lj 
Set 

D± (Vl, ^^2, V'a) = f^a (^^ (V'l, V'2, V'S)) 
B«(Vl,V'2,^3)=^a(ID)(Vl,^2,V'3)) 
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5.4. The Straightening Lemma. 
Lemma. For all ip,x ^ ^- 

X+{^)X-{X)= Y. (-l)''^^' + '^''^"(01,V'l,X-V'l-V'2)B(02,V'2,</'-01-02) 

^i+^2eJF'(x) 

This lemma is proved in a later section. Before proving the lemma we will state and prove 
some corollaries and other necessary lemmas. 

Corollary. For all a € R'^ , and 93,X;^ € -^ 
(Ox 

D+ (99, X, ^) , D- (v?, X, V-) e Uz(0 O A) 

Pa{^,x) eUz(gOA) 

Proof of corollary. We will prove both statements simultaneously by induction on k according 
to the scheme 

in)' ^ (if => {iif^\ 

where {i)^ is the statement that {i)^ holds for all x G J-" with \x\ < k, and similarly for {ii)^ . 
{UY is trivially true. For (z)o we have, by induction on [■^l, D^(0, 0,';/') = x^iip) G Uz(0(E> A). 
Assume that (i) and (ii) hold for some A; > 1. Note that (i)-^ is trivially true if |(^| 7^ |x| 
so assume that they have the same size. Then, by Lemma [5^ we have for all </?, x ^ •^(^) ^^'^ 
all V G -7^ 

1pl+1p2&J^(X+^) 
(pl+4>2<V 
■>pl+'ll'2¥=X 

+ J2 (-i)'^'^"('/'i,V'i,V'M<^2,V'2) + (-i)Wi)-(<^,x,V') 

4'i,tp2,4>i,4>2&J^ 

1pl+1p2=X 

4>i+4'2='p 

(t>i<V 

The left side is clearly in Uz(sl2 <8> vl). The end sums are in Uz(s[2 "X) A) by (i)*^"^ and (ii)'^. 
Thus D~{ip,x-,'^) € Uz(s[2 (8> A). Also by Lemma [ 
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x'^{ip + ^)x (x) 

Y, (-i)I'^iI+I'^^Id-(</.i,V'i,x-V'i-V'2)b((/)2,V2,v^ + ^-0i-</'2) 



1p-L+1p2<X 
01+(/'2eJP"(</J+-0) 

<?ieJ-(x)-{0} 

9i'GJ-(</p)-{0} 

Again the left side is clearly in Uz(s[2 "X" ^)- The end sums are in Uz(5l2 (8 A) by (i)'^~^ 
and {ii)^. Thus D'^{ip,x,i^) G Uz(s[2 <8i^). Applying Oq, we get (i)^. Thus (ii)'^ implies (i)''. 
Assume that (i) and {ii) hold and let v', x ^ -^(^ + 1) be given. Then, again by the previous 
lemma 

X+(99)X-(X) = Yl (-l)l'^^l + l'^^l^-(01,V'l,X-V'l-V'2)ID)(</.2,V2,V'-</'l-'/'2) 

i'i,tl>2,4>i,4'2&J^ 
i'i+i'2<x 
4>i+4'2<'p 

+ {-i)\M^,x) 

Again the left side is clearly in \Ji{5{2 ^ A). The end sum is in Uz(sl2 (8) A) by (i) and (ii) . 
Thus p(v?, x) G Uz(5[2 (8) ^). Applying Qa we get (n)''+^ Thus (i)^ implies {ii)^~^^. D 

6. Bo IS A Z-BASIS FOR U|(0 (g) y4) 

Define U^(0 ^) to be the Z-subalgebra of Uz(0 (E> ^) generated by the set {pi{x) '■ X S 
7-(B), i € /}. 

For the remainder of this section q = 5I2 unless stated otherwise. 

We adapt Garland's proof of the corresponding fact in [7], section 9. 

6.1. U(/i ®A)=C- span Bq. 

Proposition. For all x ^ T 

p{x) = (—1) IT (/i ® ap^^"''' + elments of U(/i ® A) of degree less than [x| 
a€A 

Lemma. 

U(/i ®A)=C- span Bq 

Proof. Clearly U(/i ® A) dC — span Bq. For the other inclusion it suffices to show that 

JJ(/i®a)(^('')) GC-spani3o 

for all x^ ^- This can be shown by Proposition 16. II and induction on |x|- D 
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6.2. The Adjoint Action on the Z-Span of the Chevalley Basis. For this subsection 
let be arbitrary. Define {g ^ A)z to be the Z-span of the set S = {(x^ (8) 6), {hi b) : b & 
B, iel, a G R+}. 

Lemma. For all a G R~^ , r G Z>o and 6 G B, 

ad {xt ® b) ^'■'' ((g ® A)z) C (g «> A)z 

Corollary. For all C G Uz(g ® A), adC((g ® A)i) C (g (g) A)^. 

6.3. The Adjoint Action on ((g (^ A)'^)®''' . We note the following simple lemma. 

Lemma. Let V,W be q (E) A-modules, with respective additive subgroups M, N. If M, N are 
preserved by {x^ b) , for all a G i?"*", 6 G B and r G Z>o, then M ® N <ZV ®W is also 
preserved by these elements. 

Let ad^**^ denote the action of g^^ (and of U(g(8'^)) induced by adjoint action, on {q'^A)®'^ . 
Then we have the following corollary to the previous two lemmas. 

Corollary. For all Q G Uz(g ^ A) and all r G Z>o, 

adM Q (((g ® ^)z)®0 C ((g ® A)zr 

6.4. p{x)p{\') G Z - span Bq. 

Lemma. For all X)X' ^ -^(B), p(x)p(x') G Z — span Bq 

The proof is similar to that found in |7] Lemma 9.2. 
The following corollary follows directly 

Corollary. 

P{X)P{^) - n (^^ ^.^?^"^)p(x + XO e Z - span So 

6.5. So is a Z-basis for U|(g (g) A). 

Lemma. Bq is a Jj-basis for U^(g ® A). 

Proof. It will suffice to show that any product of elements of {pi{x) '■ X S J-"(B)} is in the 
Z-span of U^(g (8> A). To show this we will proceed by induction on the degree of such a 
product. Since Pi{x) and Pj{x') commute it will suffice to apply Qa^ to the previous corollary 
because by Proposition 16.11 



P{x)p{x')-ll(^^^f]^''%^^ + ^') 

^A V X(a) / 



aeA 

has degree less than |xl + Ix'l- ^ 

7. More Identities 
We will state and prove some more necessary identities. 
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a(/ii) + |V'i|-l 
IV'il 



M{iJl)M{^p2)Pi{v-iJl,X-4>2) (x+(8)67r(V'i)vr('02)) 



7.1. Identities for (x+ ®b)pi{Lp,x) and Pi{'f,x)ixa '^b). 
Proposition. For all y?, x G J-", a € R^, i & I and b (^ A with a{hi) ^ the following hold: 

(i) 

{x~^®b)pi{ip,x)= ^ 
V'2 6J-(x) 

IV'l| = IV'2| 

{ii) 

Pi{^,x){x-(E)b) = Yl ("^^'^ tjl'^ ~ ^)m{^i)M{^2) {x- (8) b7r{i;i)7r{i;2)) P^{v-^l,X-i^2) 
'/'2eJ-(x) 

|V'l| = l'i/'2l 

The proof proceeds by induction on \x\ = |vl- Details can be found in [3]. 

7.2. Identities for (x^(8'6)*^'"^pi(x) and pi(x)(x^ (8 &)*-*'. Definition. Given x G J^ define 

' ■■ 

Six) = li^e HT) : Y, i^i<PH < X 

and5fe(x)=5(x)nJ-fc(^). 

Proposition. For all x ^ ^, Oi ^ R^ > i & I and b € A with a{hi) / and r,s £ Z>o the 

following hold: 

(i) 

'a{hi) + \^\-l^ ^('^('^» 

\<P\ 






A^(0)(x+®&7r(0)) 



(zi) 



Pi(x)(a;a ^6)^''^ 



E n(("^^^^ul^' V(^)(-;^®K^)))^'^'%^U-E^(^)^ 



V'G5r(x) 0GJ" 



I'AI 



(/>GJ=" 



The proof proceeds by induction on r. The case r = 1 is Proposition 17.11 We also use 
Proposition 17.11 at the beginning of the proof. See [3] for details. 

8. A Triangular Decomposition of Uz(g ® A) 

This section is devoted to the proof of the following lemma. 

Lemma. 

Uz(0 ®A) = VI{q® A)\]1{q (g) ^)U+(0 ® A) 
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Definition. Define a monomial in Uz(0 (8> A) to be any product of elements in tfie set 

{{xt 6)('^), qiix) : a G i?+, 6 e B, r G Z>o, iel, x^ -^(B)} 

By induction on the degree of monomials in U^ (g (8) ^) Lemma [8] will follow from the next 
lemma. 

8.1. Brackets in Uz(g(g)yl). 
Lemma. For all a G R^ , i a I, a,b (^'B, x ^ -^(B) and r, s G Z>o i/ie following hold 



(a) 
ib) 
(c) 






G Z — span ;B and /las degree less than r + s. 
G Z — span S and has degree less than r + |x|- 
G Z — span ;B and has degree less than s + \x\- 



Proof. We start by proving (a). By Lemma 15.41 for all a, 6 G B and r, s G Z>o, 

X+(rXa)2;~(sX6) 

j,fcGZ>o «=0 
j+A;<min(r,s) 

X D+{{k-l)xaAk-l)Xb,{r-J-k)xa) 
It can be easily shown by induction on / that q {Ixa, IXb) = Q (IXab)- So we have 

k 
x+{rxa)x~{sxb) = Yl Y{-'^y'^''D-{jXa,JXb,{s-J-k)xb)p{hab) 

0<j +k<min{r,s) 

X D+ {{k - l)xa, {k - l)xb, {r - j - k)xa) 

+ x~{sXb)x^{rXa) 

D'UXaJXb, {s-j-k)xb) G Z-span B^ and D+{{k-l)xa, {k-l)Xb, (?^-J-^)Xa)^-span B+ 
by Proposition 15.11 Also we clearly see that the degree of this commutator is less than r + s. 
Thus (a) is proved. (6) and (c) hold by (??) and Proposition 17.21 D 

The theorem is now proved once we prove Lemma |5. 41 The next section are dedicated to 
the proof of Lemma 15.41 



9. Proof of Lemma EH 

We will adapt and extend the proof of the corresponding result in 0. We begin with some 
necessary identities. 
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9.1. Identity for p{ip,x){x^ (8>6). 
Lemma. For all 99, x € J^, and b a A. 



P{^,x){x^ (^b) = (3;+ 6)p(v?, x) - 2 ^ {x^ bcd)p{ip - Xc, X - Xd) 



cGsuppi^ 
dGsuppx 



+ Y^ M{(t>i)M{(t>2){x^ (^bTT{i;i)Tr{i;2))p{f-tpi,X-il'2) 
01 6-F2 (v) 

The proof proceeds by induction on |x|. Details can be found in [3]. 

9.2. Identities Involving D^{ipi,ip2,ip3). 

Proposition. Let b ^ A, and ipi,ip2,i^3 £ J^ with [ips] > 1 be given. Then 

Mh)D^{^i,i^2,^^) = J2 12 Mb)D^i^i,^2,Xc)D^{i^i-^i,i;2-(p2,i^3-Xc) 

in) 



</'2eJ'(i/'2) 



{\lP2\ + \H)D^{4^U^2,i^3) 

= E E i\^l\ + ^)D^i^l^<p2,Xc)D^{i^l-'Pl,^2-^2,^3-Xc) 

(l>2&Hi'2) 

The proofs proceed by induction on |^3|. Details can found in [3]. 
The following lemma is necessary for the proof of Lemma 15.41 

9.3. Identity for E^e^,^, H^,X,V- '/')(3;~ ^ b). 
Lemma. For all b ^ A and 99, x G -^, 

Y, B{(l>,X,^-^){x-^b) 

= -(x(6) + i) Yl ^{<P',X + Xb,V-^') 

+ Z] Z] {\4>i\ + i)D-{(l)i,(l)2,XbM(p-4>i,x-^2,^-(l)) 

<i>2&Hx) 

9.4. Proof of Lemma 15.41 The following is the proof of Lemma 15.41 using Lemma [97 
and induction on |x|. 

Proof. It can easily be shown by induction on |y3| that 
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Thus Lemma [53] is true for x = 0- Assume that x^ ^ ~ {0} then 



|x|a;+((^)x ix) = ^ x{b)x'^{'f)x {x) 

besupp X 

= ^ x+{ip)x-{x-Xb){x~ (^h) 

bGsupp X 

bGsuppx ^i,V'2,</'i,</'2GJ" 
V'1+'/'2GJ'(X-X6) 

</'i+</'2eJP'(¥') 
X I])((/)2, V'2; V' — '/'I — 02)(2;~ ® b) (by the induction hypothesis) 

bgsuppx ipi,ip2,<l>i&J^ 

bSsuppx ipi,ip2,<t>i&^ 

^l+i>2&^{x-Xb) 



0(02: V'2 +Xb,y^-4>1- 4>2) 



X (-(^2(6) + l) Y. 

+ E E (kl + l)^"(^,T',X6)B(</'2-r,V2-T',<^ -</)!- 02)1 

4>2&T(ip-4>i) T<^T{4>2) / 



r'GJ-(t/.2) 

(by Lemma [9^ 



14 SAMUEL CHAMBERLIN 



V'i+^2GJ'(x-Xb) 

?il,eJP-(<p-</-i) 

+ j; Yl (-i)l'^^l+l^^li?-(</'i,^i,x-Xfe-V'i-V'2) 

bGsuppx ipl,ip2,tt>'i-'^^ 

V'l+V'2GJ'(x-Xb) 

</'ie.7^(¥') 



X 



X) IZ (kl + l)^"(^,^',X6)lD'('/'2-r,V'2-T', 99 -</>!- 02) 



02eJ^(</'~</'i) tgJ"{02) 
T'eJ-(i/'2) 

= E E (-l)l'^^l+''''^l^"('/'i,V'i,X-V'i-^2)V'2(&) 

feGsuppx Vl,i/'2:</'lG-^ 
V-i+V-aS^Cx) 

X Y ©(</'2>V'2,'^-</'l-</'2) 

+ E E E (ki + i)(-i)''^^'+''^''^"('/'i>V'i,x-xfe-V'i-V'2) 

"01 1'02 it^l i</'2 &^ fegsupp(x— l/"! — V'2) t£T{4i2) 
i/'i+i/'2GJ'(x) r'GJP(i/'2) 

</'1+</'2GJF'(¥') 

X D-(t, r', Xb)'^{<p2 - T, V'2 - r', c/? - 0i - </'2) 

Y (-l)l'^^l + l'^^l|V'2l^"('/'l,^l,X-V'l-V'2M</'2,V'2,V^-</'l-</'2) 

i/'i+i/'^eJ-(x) 

+ ^ (_1)WI+I^^I ^ ^ (|r| + l)D-(r,r',x.) 

V'i,i/'^,(/''i,(/''2eJ" tgj-{(/.;) feGsuppCx-Vi-V-a) 

^i+^^G^(x) t'gJ-W) 

X !?-(</.; - r, ^i - r', X - Xfe - V-'i - ^2)IQ>(</'2, V'2, 9= - </'i - </'2) 

X (_l)IV'l| + IV'^l|^^|2)-(0,,V'l,X-^l-V'2M</'2,V'2,V^-</'l-02) 

'4>i+'4>'2€Hx) 

+ Y (-l)''^^' + ''^^'(lx|-|^2l)^-('/''l,V''l,X-V'l-V'2M'/'2,V'2,V^-'/'l-'/'2) 



Vi+V-^eJ-Cx) 



(by Proposition I9.2( ii)) 
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^i+V'2eJ^{x) 

<t>l+'t>2&Tiv) 

D 
So all that remains to prove for Lemma 15.41 and Theorem 13.21 is Lemma 19. 3[ 

9.5. Proof of Lemma 19.31 

Proof. If \(f)\ > \ip\ we have on both sides. So the identity is trivially true in this case. Assume 
that \ip\ > \(j)\ and proceed by induction on |c^| — \(j)\. In the case \(j)\ = \ip\ Lemma [9^ becomes 

p{^,x)ix~ 0b)= Y^ (0i + l)7W(</>i)M(</.2)(x-®67r(0i)7r((/.2))p((^-</>i,X-</'2) 
which is just Lemma l7.1( ii). So Assume that [(/?[ — |</>[ > then by Lemma |9. II we have 



Y^ I (x+Oc)B(0,x, ¥'-'/' -Xc) 

cGsupp((Z'— rf)) \ 



(|vp|-!0|)D(</.,X,(^-</') = 2^ ( (x+^c)B(0,x, ¥'-'/' -Xc) (9.1) 

cGsupp(i^— (^) 



Y {^'^ ® cdd')0{(t) -Xd,X-Xd',f-4>-Xc) 



dGsupp <f> 
d'Gsuppx 



Hence 



Y Yl f (x+0c)D((^,x,V'-</'-Xc) 

^T(ip) cesupp(v)— (A) \ 



<i>£T{ip) c&\ipp{ip—4>) 



Y {x^ ®cdd')n{(j)-Xd,X-Xd','f-4>-Xc)\{x ®b) 



dSsupp 4> 
d'Gsuppx 



Y {x'^'^c) Y B(0,x,v3-0-Xc)(2; «)6) 

Y ix+0cdd') Y Bi^',X-Xd',^-(p'-Xd-Xc)ix-®b) 



c(Gsupp((/3-Xc) 
d'esuppx 
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= -ix{b) + l) Yl (^''^c) Yl B(0',x + Xf.,'/'-0'-Xc) 

cGsuppi/3 0'gjr(^_^^) 






+ E E (x(ft)-xd'W + i)(^+^cdd') 



cGsupp ip 
desupp(i/3-Xc) 






d'esuppx 0eJ='(ip-xc-Xd) </'igJP'(</)) 
rfesupp((/p-Xc) 



- 01, X - Xd' - '/'2, V' - </» - Xrf - Xc) (by the induction hypothesis) 
= -{x{b) + l) Y E {x+®c)B{(l)',x + Xb,^-^'-Xc) 

<p'&T{ip) cGsupp((/3— 0') 

+ E E E (l'^il + l)(2;+®c)Z)-(,^i,02,Xfe)ID>(0-0i,X-02,(^-0-Xc) 



<t>&T{ip) cGsupp((;9— </>) <pi€T(<j)) 
't>2eTix) 



+ E E E (x(b)-Xd'W + l)(^+®cdd') 



6GJ^{i^) cGsupp((/p-</)) dgsuppiji 
d'esuppx 



- Xd, X - Xd' + Xfc, <^ - (Z* - Xc) 
- E E E E {{(Pil + l)ix+®cdd')D-{cl)i,cl)2,Xb) 

</)G J"{i^) cGsupp((/p-</)) dGsuppfli (/,iGJ'((/)-Xd) 
d'GsuppX(/-2eJ^{x-Xd') 

X B{(f)-Xd-4>i,x-Xd' -4>2,'p-4>-Xc) 



On the other hand 



{\ip\-\^\) Y E (l'^il + 1)^^(01, '/'2,X6)ID>(</'-'/'i,X- 02, 95 -</') 

</'2GJ"{x) 
= E E (I0l| + 1)^^(01, 02, Xfe) E (2;+®c)B(0-0i,X-02,</' 

<t>2eHx) 

- E E (i0ii + 1)^^(01, 02,X6) E E (^+^cdd') 

(j>£T(ip) (t>i&T((t>) cesupp(i^-(/)) dGsupp(}i-0i 

4>2<^J^{x) d'Gsuppx-02 

X B(0-0i-Xd,X-02-Xd','/5-0-Xc) (by dHJ) 
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So it suffices to show that 

= -ixib) + l) J2 J2 ix+^cM<j)',x + Xb,^-(t>'-Xc) 

<f>'&T(^) cgsupp((/p— 0') 
+ E E E (l'/'l| + l)[(a:+®c),D-((/<i,(/>2,Xb)] 



-4>i,x-4>2,'p -4>-Xc) 

+ E E E ixib)-Xd'{b) + l)ix+®cdd') 



ip'(zT(ip) cgsupp((/p— 0') dgsupp (f)' 
d'Gsuppx 

X IDCfA' -Xd,X- Xd' +Xb,^-(t)' - Xc) 

- E E E E {\<t^i\+l)[{x'-®cdd'),D-{(t>^,<P2,Xh)\ 

0eJ"(</3) CgSUpp(ip-(^) desuppt/) 0iejr((^_;^^) 

d'esuppx</.2GJ^(x-Xd') 

+ (|^|-|</>|)(x(6) + l) j; B(0',x + Xfe,<^ -</>') 

Concentrating on the terms with Lie brackets we obtain 

E E E (l</'il + l)[(a;+®c),D-(0i,02,X6)]lD)('/'-'Ai,X-'/'2,V'-'A-Xc) 

(f>&T(ip) CGSUpp((/3~(/>) (j)lGJ^{(j)) 

02e^(x) 

- E E E E {\c^i\ + i)[{x+®cdd'),D-{c^,,(^2,xb)] 

d'gsuppx(/-2eJ^(x-Xd') 

X n{(l)-Xd-(Pi,x-Xd' -4>2,^-(t>-Xc) 

= E E E E ■^('/'l)>'(</'2)(/i0&C7r((/.i)7r(02)MV''l-Xc-<^l,V'2-(/'2) 

<t>'eT{<p) i)[(^T{4>') cGsuppVi f/'iGJ'CVi-xc) 
V'2eJ^{x) </'2GJ="{V2) 

l<?il| = l<^2| 

The following formula will be necessary, it can be proved by induction on \ip\ (see j3] for 
details). Suppose that h ^ A and 93, x G -7^ then 

-{x{b) + '^)p{v,X + Xb) 

= E E M{(l)i)M{ct>2){h(^bcT:{<Pi)Ti{(t)2))p{^-Xc-(t>i,X-(t>2) (9.2) 

CGSUpp(/P(/,;^gjr(^_;(x^) 

</'2GJ="(x) 
l</'il = l<?i2| 
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From above 

5Z E E (l0l| + l)[(2;+®c),D-((/.l,(/>2,X6)] 

<^2GJ-(x) 



h,X-92,^-(p-Xc) 



E E E E i\<Pi\ + l)[ix+®cdd'),D-{cPu<p2,Xb)] 



</)£ J"(</>) cGsupp((/3-(/.) d&uppcj) (f,^^r{<j>-Xd) 
d'€suppx4>2eT{x-Xd') 



-Xd- <t>i,X-Xd' -(t>2,^- (j)- Xc) 

Y. Y. Yl Y Mi(l)l)M{(P2)ih®bcTT{(Pi)TT{(P2))pi'lp[-Xc-(pl,i^2-(^2) 



<t>'eT{^) ^[€T{<p') cesupp^i 0i6j-(^'^_x^) 

I0l| = l<^2| 






0'GJ-(</p)VieJ-(</.') 
i^2&J^{x) 

= - Y Y i^2ib)pW,i'2)D+{<P'-i^vX + Xb-i'2,v-<P') 

V'2eJ"(x+Xi>) 
So the proof of Lemma 19.31 is reduced to showing 

= - ^ Y, V'2(&>K,^2)^"'('/''-V'l,X + X6-V'2,V' -</>') 

^^GJ-(x+Xb) 

- {x{b) + l) Yl Y {x+^c)n{^',x + Xb,^-(p'-Xc) 

+ E E E {x{h)-Xd'{h) + l){x+®cdd') 

4>'&J^('P) cGsupp((y9— 0') d£supp<j>' 
d'esuppx 



^ -Xd,X- Xd' + Xb,V-<P' - Xc) 
+ {\^\-\<p\){x{b) + l) Y H4>',X + Xb,V-4>') (9.3) 



Using Proposition 17. l( i) we have 

ix+^c)B{cj)',x + Xb,V-<l)'-Xc) 

<f>2€J^(X+Xb) <t>'2<^HX+Xb~(l>2) 

\'f>[H^'2\ 

X D+{(l)' -(p[ - (l)i,x + Xb - (p'2 - <P2,^ - (/)' - Xc) 
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Similarly 

(x+ (g) cdd')B{cl)' - Xd,X + Xb - Xd' , ^ - <P' - Xc) 

</'2G^(X+X6) V2eJ'(x+X6-02) 

X D^{(^ -(/>! - V3i,X + X6-<A2 -(^2, '/'-</'' -Xc) 

Using these identities (j9.3p becomes 



X) IZ P(</'l><^2)(/>2(&)i^^((/>'-'Al,X + Xb-</'2, ¥'-</'') 



</>2eJ'(x+X6) 
= E E P(0i,02)(-(x(6) + l)) E E (|<A'il + l)-M(0'i)A^(<A^: 

</>2eJ-(x+Xb) 02e-^(x+Xb-</'2) 

l<^'il=l<^y 

X (X+ ® CT((/>;)7r(0'2))LI+((/)' - 0; - (/.I, X + Xb - '/'2 - 02, V' - 0' - Xc) 

+ E E ^('^i''^2) E E w&)-xd'(^) + i) j; 

</>'GJ"(</3) <pi&T(<t>') cGsupp{95-(/)') rfesuppt/)' 0'iGJ'((^'~0i) 

02eJ'(x+Xb) d'esuppx </'2G-'^(x+X6-'/'2) 

X 4in^-^ ('^2) <l^'i{dW2{d'){x+ ® cvr(0;)7r(0'2)) 
l<Pil 

X D+(0' - 01 - (/)'i, X + X6 - </'2 - '/'2, (/'-'/''- Xc) 

+ E E P(0i,02)(|v5|-|xl)(x(&) + l)^+(0'-</'i,X + Xfe-</'2,^ -</>') 

<f>2€T{x+Xb) 

So it suffices to show that for cp' , 4>i,4>2 ^ ^ with (pi < cp', 4'2 1^ X + Xb-, and |(/)i| = |</»2| 

02(6)Z?+(0' - (/.I, X + Xfe-<^2, </'-</'') 

= -(x(6) + l) E E {Wi\ + l)M{<P',)M{<P',){x+®c^{ct>'i)^{<P',)) 

cesupp{(p-(/)') (/)'iGJ'((/-'-(/-i) 
</>^GJ="{x+X6-</'2) 
I0il = l</''2l 



X -C+(</'' - (/''l - </>!, X + X6 - '/'2 -(p2,f-(p'- Xc) 

+ E E (x(ft)-x.'(6) + i) E ^^^M{<p',)4>'AdW,{d') 

cGsupp{i^-(/)') ^^Gsupp^' (/)'iGJ'((^'-(^i) ^ 

d'Gsuppx </'2G^(x+Xi,-02) 

I0il = l</''2l 

X (x+ «) C7r(0;)^(,^'2))L»+(0' - 01 - 0'i, X + Xfe - 02 - 02, ¥? - 0' - Xc) 
+ (I'/^l - lxl)(x(ft) + l)^+(0' - 01,X + Xfe - 02, ^ - 0') 
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X -D+((?:)' - 01 - </)i, X + xfe - </'2 - 02. 9^ - </*' - Xc) 

So the proof is reduced to showing that 

(X(6) + 1 - (t>2{h))D+{ct>' - 01, X + Xb - <^2, <^ - 0') 

E E c^'2{h)D^{c^'iA'2.Xc) 

cesupp{95-</-') </,'jGJ'(<^'-0l) 

4>'2<^J'{x+Xb-4>2) 

X -D+(0' - 01 - 0'i, X + Xfe - </'2 - 02, 9^ - 0' - Xc) 

but this is true by Proposition I9.2( i). We have completed the proofs of Lemma 15.41 and 
Theorem [321 □ 
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